We find exact multi-Instanton solutions to the selfdual Yang-Mills equation on a large class of curved spaces with S O(3) isometry, generalizing the results previously found on R 4 . The solutions are featured with explicit multi-centered expressions and topological properties. As examples, we demonstrate the approach on several different curved spaces, including the Einstein static universe and the Euclidean AdS 4 black hole, and show that the exact multi-instanton solutions exist on these curved backgrounds.
Introduction.-To precisely study a quantum theory, the first step is to find its vacuum structure. The well-known example is the Yang-Mills instanton solution [1] , which plays an important role in the research of non-perturbative aspects of quantum field theories, for instance, in the 4d N = 2 Seiberg-Witten prepotential [2] from instanton counting [3] . Moreover, some attemps of finding the low-energy effective theory and addressing some long-standing problems of Yang-Mills theory (such as the mass gap problem) have been made in [4, 5] .
In recent years, the technique of supersymmetric localization has been applied to many supersymmetric gauge theories on curved spaces to obtain some exact quantities such as the partition function. The key idea is to integrate quantum fluctuations at quadratic order around the saddle-point configurations. In some cases, these saddle-point configurations are solutions to the (anti-)self-dual Yang-Mills equation, hence are (anti-)instanton or (anti-)vortex solutions near the poles of the sphere [6] [7] [8] [9] [10] [11] . Therefore, the first step of supersymmetric localization also relies on finding exact solutions to the self-dual Yang-Mills equation on curved spaces.
After the first non-trivial solution constructed in [1] , there have been more non-trivial solutions to Yang-Mills equation found in the literature (see e.g. [12] ). In order to unify these solutions in the same way, a systematical way of finding solutions has been proposed in [5, 13] , where general Ansätze obeying one of the Wightman aximons for quantum field theory [14] were introduced and can greatly simplify the Yang-Mills equation. Among the various non-trivial solutions to Yang-Mills equation, the exact multi-instanton solution on R 4 found by Witten [15] is particularly interesting, because it has an explicit expression for higher topological numbers and obeys the cylindrical symmetry instead of the spherical symmetry obeyed by the standard instanton solution [1] .
Besides the solutions on flat spaces, there are also nontrivial solutions found on curved spaces [16] [17] [18] [19] [20] [21] . These spherically symmetric solutions on curves spaces have been systematically analyzed in the same manner in [13] . A natural question is whether the exact multi-instanton solution in [15] can be generalized to curved spaces. As a first step, we resolve this problem by constructing the exact multi-instanton solution on a large class of curved spaces and studying its topological property.
Yang-Mills Equation on Curved Space.-We consider a large of curved spaces R × M 3 given by the following metric:
where t denotes the Euclidean time, and the 3d manifold M 3 has an S O(3) isometry. The space R×S 3 is not in the class (1), but it is well-known that R × S 3 can be comformally mapped into a Minkowski space [22, 23] , hence, one can find exact multi-instanton solutions on R × S 3 by mapping the solutions on R 4 [15] conformally to R × S 3 , although in general they are complex solutions. The metric (1) can be written into some equivalent expressions:
i.e. the non-vanishing components of the metric g µν are
where x µ and x µ (µ = 1, · · · , 4) are pseodu-Cartesian coordinates, whose indices can be raised or lowered using the Kronecker delta, and r 2 = x i x i (i = 1, 2, 3). From the components (3), we can compute
For the gauge group S U(2), we adopt the following Ansatz for the components of the gauge field:
The field strength is defined as
Consequently, the components of the field strength can be obtained as follows:
x i x a r 4 .
For the components of the field strength with upper indices, only the index in ∂ r should be raised using the metric (1), because r is not in the pseudo-Cartesian coordinates. The Yang-Mills equation on the curved space given by the metric (1) is
Applying the expressions (7) and (8) of the field strength, we can rewrite the Yang-Mills equation into a system of partial differential equations
Defining
we can rearrange the equations (10) into the following form:
Using the definitions (11), these equations look formally the same as the equations on R 4 considered in [15] . Hence, one can treat them in the same way as the R 4 case to find the exact multi-instanton solutions. Exact Multi-Instanton Solution.-As we have seen, after some redefinitions (11) , the equations obtained from the tensor decomposition of Yang-Mills equation have expressions similar to the R 4 case discussed in [15] . Hence, we can apply the same method to find the exact multi-instanton solutions for the curved space (1) .
First, we choose the gauge fixing condition ∂ µ A µ = 0, which implies that there exists a function ψ such that
where we also define ∂ 1 ≡ ∂ r . Moreover, instead of ϕ i we define two new functions χ i as
In terms of χ i , the first two equations of (12) can be written as
or more compactly as
where
Using the expression (13), we can also rewrite the third equation of (12) as
which is invariant under the following transformations with an arbitrary holomorphic function h(z) without singularity:
However, since the equation (18) can also be written as
which has a singularity at r = 0 from the first term on the right-hand side, we can also choose a non-holomorphic function h(z) to cancel the term 1/ r 2 , for instance, h(z) with |h| = r ln r . Hence, we only need to consider the remaining equation without singularities, i.e.,
To solve this new equation, let us adopt the Ansatz
Plugging it into the equation (21), we obtain the Liouville equation for ρ:
The solution to (23) is formally given by
where g(z) is an analytic function. We can choose g(z) such that dg/dz = f . Therefore, the solution to ψ is
In order that ψ is nonsingular, g should satisfy g = 0 , at r = 0 ; |g| < 1 , for r > 0 ;
g finite , at r = ∞ .
The most general solution of g obeying these boundary conditions is
which characterizes the exact multi-instanton solutions on the curved spaces (1).
To summarize, we have found the new coordinates (t, r) and the new fields (ϕ i , A i ), such that in these new coordinates the multi-instanton solutions can be obtained from the ones on R 4 [15] . A solution is first characterized by the function g (27), then ψ and f can be computed using (25) . Based on the definition (17), we can read off χ i from the real and the imaginary parts of f . Finally, A i and ϕ i can be obtained from (13) and (14) respectively, and all of them are functions of (t, r).
The solutions on different backgrounds in the class (1) all look the same in the coordinates (t, r), and the difference enters when writing the solutions in terms of the original components defined in (5) . In order to express the solutions as (5), we should solve the last equation of (11) to obtain r(r), and subsequently relate A 1 with A 1 using the second equation of (11), i.e., ϕ i (r) = ϕ i r(r) , A 0 (r) = A 0 r(r) ,
(28)
Topological Property.-To discuss the topological property of the multi-instanton solution on the curved spaces (1), we introduce the topological term:
where * F µν is the dual field strength. Using the explicit expressions of the components (7) (8), we can express the topological term (29) as
(30) Both terms in the intergrand above can be written as total derivatives, hence only boundary configurations contribute. However, the configurations at the boundary satisfy D µ ϕ i = 0, hence, the only non-vanishing contribution in (30) is
which can be shown to equal to
where ϕ ≡ ϕ 1 + iϕ 2 = f e ψ based on (14) . Since ψ is continuous and nonsingular, (32) essentially computes the number of zeroes of f , i.e., n = k − 1.
Examples.-Let us discuss some examples in more detail.
(1) Einstein static universe:
The metric of the 4d Euclidean Einstein static universe is
Defining r ≡ sin θ, we can rewrite the metric as
i.e. h(r) = 1/(1 − r 2 ) in this case. Solving (11) , we obtain for the 4d Euclidean Einstein static universe:
and correspondingly for the other fields.
(2) R× AdS E 3 : We choose the metric for the Euclidean AdS 3 space to be
Defining r ≡ a sinh ξ, we can rewrite the metric (36) into the form:
The 4d space R× AdS E 3 is then given by the metric:
which is a special case in the class (1) with the factor h(r) = (1+r 2 /a 2 ) −1 . Solving (11) , we obtain for R× AdS E 3 :
(3) R× dS E 3 : The Euclidean dS 3 space has the following metric:
Defining r ≡ a cos η E , we can rewrite the metric (40) into the form:
The 4d space R× dS E 3 is then given by the metric:
which is a special case in the class (1) with the factor h(r) = (1 − r 2 /a 2 ) −1 . Solving (11) , we obtain for R× dS E 3 :
(4) The Euclidean AdS 4 black hole:
The metric of the Euclidean AdS 4 black hole is
where for simplicity we consider
The metric (44) can be written as
hence conformally equivalent to
Defining r ≡ ρ/ ρ 2 − 1, we can rewrite the metric (47) as
which is similar to the Euclidean Einstein static universe (34). Solving (11), we obtain for the Euclidean AdS 4 black hole:
Conclusions.-In this paper we have constructed the exact multi-instanton solution to Yang-Mills equation on a large class of curved spaces given by the metric (1). By finding an appropriate new coordinate system and field redefinitions, we see that the Yang-Mills equation on the curved spaces (1) becomes the one on R 4 preserving the cylindrical symmetry. Hence, the exact multi-instanton solutions on this class of curved spaces can be constructed in the same way as the flat space, which was discussed in [15] .
As we have seen, the class of curved spaces includes some special examples (e.g. the Einstein static universe, the Euclidean AdS 4 black hole, etc.), which are important in study of cosmology or black hole physics. Hence, the exact multiinstanton solutions on these curved spaces may lead to observable physical effects. The exact multi-instanton solutions also appear as vacuum solutions to supersymmetric gauge theories on some curved spaces, which are crucial for the problems of the instanton counting or the vortex counting of supersymmetric gauge theories [6] [7] [8] [9] [10] [11] .
Some generalizations to higher dimensions are also possible, which will extend the results in [24] [25] [26] and lead to exact octonionic multi-instanton solutions and exact multi-centered string solitons.
